Abstract. We introduce the weighted greatest common divisor of a tuple of integers and explore some of it basic properties. Furthermore, for a set of heights w = (q 0 , . . . , qn), we use the concept of the weighted greatest common divisor to define a height h(p) on weighted projective spaces WP n w (k). We prove some of the basic properties of this weighted height, including an analogue of the Northcott's theorem for heights on projective spaces.
Introduction
Most of the computations with genus 2 curves or genus 3 hyperelliptic curves, whether occurring in number theory, mathematical physics, cryptography, or any other area, involve the corresponding tuple of invariants of binary forms. An isomorphism class of such curves correspond to a projective point [J q0 : · · · : J qn ] of modular invariants with degrees q 0 , . . . , q n respectively. Of course this is true for all hyperelliptic or even superelliptic curves of any genus. In most of these computations picking the point [J q0 : · · · : J qn ] with smallest coordinates is desirable; see for example computations in [1] , [2] , [3] or all the algorithms in cryptography for genus g = 2 and g = 3 hyperelliptic curves. So how can we pick the point with smallest coordinates or have some ordering on these moduli points in some reasonable way? Since the ring of invariants of binary forms is a graded ring, the answer is equivalent to introducing some concept of the greatest common divisor for weighted projective spaces similar to that of the gcd of a tuple of integers in the projective space. If possible we would like to extend the analogy and introduce some concept of height in a weighted projective space similarly to the height in a regular projective space, which would make the ordering of points in a weighted projective space possible. The goal of this paper is to suggest a way to handle both of these questions.
In [4] was introduced the idea of the weighted common divisor on a tuple of integers with different weights, which was called the weighted greatest common divisor wgcd . In section 2 we give a precise definition of the concept of the weighted greatest common divisor and some of its properties. While the idea of the weighted greatest common divisor seems natural, surprisingly it has not appeared before in the literature. Questions still remain on the efficient ways of computing such common divisor or whether such weighted gcd has similar properties as the regular gcd in more general rings.
The concept of height on a variety A over a number field K is a function H : A(K) → R whose value at a point P ∈ A(K) measures the arithmetic complexity of P . There are two properties that one would want in a height function: i) there are 1 only finitely many points of bounded height, ii) geometric properties are somewhat preserved.
Heights on projective spaces are well known in the literature. For a point P ∈ P n (Q), we take integer projective coordinates P = [x 0 : · · · : x n ] with gcd(x 0 , . . . , x n ) = 1, then the height is defined as H(P ) = max {|x 0 |, . . . , |x n |} .
The definition can be extended to any number field K as follows
where M K is the set of norms in K and n v the local degree [K v : Q v ]. As an immediate consequence of the definition is the Northcott's theorem, which says that there are only finitely many points P ∈ P n (K), with height bounded by a constant B. A corollary of this statement is the Kronecker's theorem which says that for any α ∈ K ⋆ , H K (α) = 1 if and only if α is a root of unity. In other words, there are only finitely many points of bounded height and bounded degree.
Let V K be a projective subvariety of P n (K) and S ⊂ V K . In arithmetic, height functions are used in two main ways: i) To show that S is finite, it is enough to show that it is a set of bounded height, ii) if S is infinite, determine its density by estimating the growth of the counting function N (S, B) = #{P ∈ S : H K (P ) ≤ B}. The size of the set of points in P n (K) is estimated by Schanuel's theorem. Weil extended the definition of height to all projective varieties via ample divisors and provided an important connection between geometry and arithmetic. Néron and Tate introduced canonical heights for Abelian varieties. Perhaps one of the most popular uses of the machinery of heights is the proof of the Mordell-Weil Theorem: For any Abelian variety A K , the set of K-points A(K) is a finitely generated Abelian group.
In section 3, we study the possibility of developing a theory of heights for weighted projective spaces. Weighted projective spaces arise when we consider the usual definition of the projective space and allow for non-trivial weights.
Let w = (q 0 , . . . , q n ) be a set of heights and WP n (K) the weighted projective space over a number field K. Let p ∈ WP n (K) a point such that p = [x 0 , . . . , x n ]. We define the multiplicative height of P as
The logarithmic height of the point p is defined as follows
We prove that h K (p) is well defined and
. As in the projective space this height is also invariant under Galois conjugation. In other words, for p ∈ WP n (Q) and σ ∈ G Q we have h(p σ ) = h(p).
Our main result is the following. Let c 0 and d 0 be constants and WP n w (Q) the weighted projective space with weights w = (q 0 , . . . , q n ). Then we show that the set {p ∈ WP n w (Q) : H(p) ≤ c 0 and [Q(p) : Q] ≤ d 0 } contains only finitely many points. In particular for any number field K, we prove that {p ∈ WP n w (K) : h K (p) ≤ c 0 } is a finite set. The weighted height seem to provide a powerful tool in studying the arithmetic properties of the weighted projective spaces. This could lead to many interesting results in many applications of such spaces. The biggest backdrop is that, as remarked in Section 2, computing such height seem to be equivalent to factoring coordinates into prime factors which means that in worst case it requires an exponential time complexity.
Weighted greatest common divisors
n+1 be a tuple of integers, not all equal to zero. Their greatest common divisor, denoted by gcd(x 0 , . . . , x n ), is defined as the largest integer d such that d|x i , for all i = 0, . . . , n.
The concept of the weighted greatest common divisor of a tuple for the ring of integers Z was defined in [4] . Let q 0 , . . . , q n be positive integers. A set of weights is called the ordered tuple w = (q 0 , . . . , q n ).
Denote by r = gcd(q 0 , . . . , q n ) the greatest common divisor of q 0 , . . . , q n . A weighted integer tuple is a tuple x = (x 0 , . . . , x n ) ∈ Z n+1 such that to each coordinate x i is assigned the weight q i . We multiply weighted tuples by scalars λ ∈ Q via λ ⋆ (x 0 , . . . , x n ) = (λ q0 x 0 , . . . , λ qn x n )
For an ordered tuple of integers x = (x 0 , . . . , x n ) ∈ Z n+1 , whose coordinates are not all zero, the weighted greatest common divisor with respect to the set of weights w is the largest integer d such that
The first natural question arising from this definition is to know if such integer d does exist for any tuple x = (x 0 , . . . , x n ) ∈ Z n+1 . Clearly, it does exist because
qi for all i = 0, . . . , n and the largest integer is unique. We will denote by wgcd (x 0 , . . . , x n ) = wgcd (x).
Given integer a and non-zero integer b, the integer part of the real number 
The next result provides an algorithm to compute the weighted greatest common divisor.
Proposition 1. For a weighted integer tuple x = (x 0 , . . . , x n ) with weights w = (q 0 , . . . , q n ) let the factorization of the integers x i , (i = 0, . . . , n) into primes:
Then, the weighted greatest common divisor d = wgcd (x) is given by
where,
. . , n and j = 1, . . . , t. 
Now, the proof is straightforward.
In the next we illustrate the method by a toy example:
Consider the set of weights w = (3, 2) and the tuple
Then,
, where
A tuple x = (x 0 , . . . , x n ) with wgcd (x) = 1 is called normalized. For an integer tuple x = (x 0 , . . . , x n ) exist integers (y 0 , . . . , y n ) ∈ Z n+1 such that
For weights w = (q 0 , . . . , q n ), we have that wgcd (x)| gcd(x), say
Notice that each xi λ is an integer from the definition of the wgcd (x). The absolute weighted greatest common divisor of a tuple x = (x 0 , . . . , x n ) with respect to the set of weights w = (q 0 , . . . , q n ) is the largest real number d such that
Again, the natural question arising from this new definition is to know if such integer does exist for any tuple x = (x 0 , . . . , x n ) ∈ Z n+1 . And again, clearly, it does exist because x i ≤ d qi and there are finite number of divisors of x i , for all i = 0, . . . , n, so we are looking for the largest real number of finite set of numbers and, the largest is unique. We will denote by wgcd (x 0 , . . . , x n ) = wgcd (x).
In order to provide a method to compute the wgcd (x 0 , . . . , x n ) = wgcd (x), we need this technical elementary result. The next result provides a method to compute the absolute weighted greatest common divisor: Proposition 2. For a weighted integer tuple x = (x 0 , . . . , x n ) with weights w = (q 0 , . . . , q n ) let the factorization of the integers x i , (i = 0, . . . , n) into primes:
Then, the absolute weighted greatest common divisor d = wgcd (x) is given by
where, q = gcd(q 0 , . . . , q n ), q i = q ·q i and
. . , n and j = 1, . . . , t.
Proof. From Lemma 1 we have that
On the other hand, for every prime p j and since d qi | x i , then
Again, the rest of the proof is immediate.
Example 2. Consider the set of weights w = (6, 8) and the tuple
The next example comes from the theory of invariants of binary sextics.
Example 3. Consider the set of weights w = (2, 4, 6, 10) and a tuple
Then, wgcd (x) = 5 and wgcd (x) = 5 · √ 3.
A tuple x with wgcd (x) = 1 is called absolutely normalized. We summarize in the following lemma. Proof. The first part of the proof is a direct consequence of the definition. Assume that gcd(q 0 , . . . , q n ) = 1 and that y =ȳ. Then, there exists a d, real number
Lemma 2. For any weighted integral tuple
Since, y i is integral for every i then either d is an integer of gcd(q 0 , . . . , q n ) = 1. Since, gcd(q 0 , . . . , q n ) = 1 then d is an integer, i.e.
wgcd (x) = wgcd (x).
It is worth noting that a normalized tuple is a tuple with smallest integer coordinates (up to multiplication by a unit); see [4, Lem. 1] .
There are a few problems that arise with the weighted greatest common divisor of a tuple of integers. We briefly discuss the two main ones:
The greatest common divisor can be computed in polynomial time using the Euclidean algorithm. Determine the fastest way to compute the weighted greatest common divisor and the absolute weighted greatest common divisor.
Problem 2:
The greatest common divisor is uniquely determined for unique factorization domains. Define the concept of the weighted greatest common divisor in terms of ring theory and determine the largest class of rings where it is uniquely defined (up to multiplication by a unit).
We continue with a brief discussion of the first problem. Let x = (x 0 , . . . , . . . , x n ) ∈ Z n+1 and weights w = (q 0 , . . . , q n ). Then Proposition 1 and Proposition 2 provide a method to compute wgcd (x) and wgcd (x) (respectively) for weights w = (q 0 , . . . , q n ). In both, we have to compute the integer factorization into primes of all elements of the tuple x. Of course, this is not very efficient comparing with the computation of gcd(x)). On the other hand, there are several indications that we can not avoid factoring. For instance, we have that wgcd (0, . . . , 0, x n ) is wgcd (x n ), then we are looking for the largest factor d of x n such that d qn divides x n .
Alternatively, we can factoring only a integer, instead of n + 1, and then recombining factors in a appropriate and clever way: 
where α i are the largest integers such that d qi divides x i and α i ≤ β i . (2) Let q = gcd(q 0 , . . . , q n ), q j = q ·q j , j = 0, . . . , n. And, for i = 1, . . . , r let
Then, the absolute weighted greatest common divisor d = wgcd (x) is given by 1) . So, in the worst case the previous result Lemma 3 get an exponential time complexity.
Let R be a commutative ring with identity. Consider the set of weights w = (q 0 , . . . , q n ) as in the previous section and a tuple x ∈ R n+1 . For any α ∈ R, the ideal generated by α is denoted by (α). The weighted greatest common divisor ideal is defined as
p over all primes p in R. If R is a PID then the wgcd (x) is the generator of the principal ideal J(x). In general, for R a unique factorization domain, for any point x = (x 1 , . . . , x n ) ∈ R n we let r = gcd(x 0 , . . . , x n ). Factor r as a product of primes, say
where u is a unit and p 1 , . . . p s are primes. Then the weighted gcd wgcd (x) is defined as
Thus, the weighted gcd (as the common gcd) is defined up to multiplication by a unit. The absolute weighted greatest common divisor ideal is defined as
p over all primes p in R.
The above definitions can be generalized to GCD domains. An integral domain R is called a GCD domain if any two elements of R have a greatest common divisor. Examples of GCD-domains include unique factorization domains and valuation domains, see [5] for more details.
Heights on weighted projective spaces
Let K be a field and (q 0 , . . . , q n ) ∈ Z n+1 a fixed tuple of positive integers called weights. Consider the action of
for λ ∈ K * . The quotient of this action is called a weighted projective space and denoted by WP n (q0,...,qn) (K). The space WP (1,...,1) (K) is the usual projective space. The space WP n w is called well-formed if gcd(q 0 , . . . ,q i , . . . , q n ) = 1, for each i = 0, . . . , n.
While most of the papers on weighted projective spaces are on well-formed spaces, we do not assume that here. We will denote a point p ∈ WP n w (K) by p = [x 0 :
Weighted projective spaces are interesting since we can present a non singular algebraic variety as a hypersurface in a weighted projective space and deal with it as it would be a nonsingular hypersurface in a weighted projective space. For more on weighted projective spaces one can check [6] , [7] , [8] , [9] among many others.
In projective spaces, by means of the Veronese embedding, we could embed the same variety in different projective spaces. It turns out that we can do the same for varieties embedded in weighted projective spaces.
As above we let k be a field. Let R = ⊕ i≥0 R i be a graded ring. We further assume that (i) R 0 = k is the ground field (ii) R is finitely generated as a ring over k (iii) R is an integral domain Consider the polynomial ring k[x 0 , . . . , x n ] where each x i has weight wt x i = q i . Every polynomial is a sum of monomials x m = x mi i with weight wt(x m ) = m i q i . A polynomial f is weighted homogenous of weight m if every monomial of f has weight m.
An ideal in a graded ring I ⊂ R is called graded or weighted homogenous if I = ⊕ n≥0 I n , where I n = I ∩ R n . Hence, R = k[x 0 , . . . , x n ]/I, where deg x i = q i and I is a homogenous prime ideal.
To the prime ideal I corresponds an irreducible affine variety
Let us consider a simple example of weighted homogenous polynomials. 
and in decreasing powers of x 0 we have
By dividing this polynomial with
and making a change of coordinates
Notice that the condition f (P ) = 0 is defined on the equivalence classes of Eq. (1). We define the quotient V a (I)\{0} by the above equivalence by V h (I), where h stands for homogenous. Then, we denote X = Proj R = V h (I) ⊂ WP n w (k). It is a projective variety. Notice that CX above is the affine cone over the projective variety V h (I).
Next we will define truncated rings and see the role that they play in the Veronese embedding. Define the d'th truncated ring
is a graded ring and the elements have degree di in R and degree i in R [d] . If R is a graded ring then its subring R 
Notice that the even degree polynomials in k[x, y] are generated by x 2 , xy, and y 2 hence we have that
Now, if we consider the projective spaces we have that
Hence we have that,
This is exactly the degree-2 Veronese embedding of
P 1 (k) ֒→ P 2 (k).
The truncation of graded rings in this case corresponds to the degree-2 Veronese embedding.
The proof of the following lemma can be found in [9] . Lemma 4. Let R be a graded ring and d ∈ N. Then,
For some large enough N and using the above Lem. 4 we can embed a weighted projective space WP w into a "straight " projective space P N .
Proposition 3. Consider the weighted polynomial ring
, where q 0 , . . . , q n are positive integers such that the weight of x i is q i and d = gcd(q 0 , . . . , q n ). The following are true:
. ii) Suppose that q 0 , . . . , q n have no common factor, and that d is a common factor of all a i for i = j (and therefore coprime to a j ). Then the d'th truncation of R is the polynomial ring
Thus, in this case
In particular by passing to a truncation R [d] of R which is a polynomial ring generated by pure powers of x i , we can always write any weighted projective space as a well formed weighted projective space.
Proof. i) If d|q i for all i = 0, . . . , n then the degree of every monomial is divisible by d and so part i) is obvious. Hence, the truncation does not change anything.
ii) Since d|q i for every i = j then x i ∈ R [d] for every i = j. But the only way that x j can occur in a monomial with degree divisible by d is as a d'th power. Given
This completes the proof.
Hence, the above result shows that any weighted projective space is isomorphic to a well formed weighted projective space.
3.1. Heights on the weighted projective space. Let K be an algebraic number field and [K : Q] = n. With M K we will denote the set of all absolute values in K.
where K v , Q v are the completions with respect to v. Let L/K be an extension of number fields, and let v ∈ M K be an absolute value on K. Then w∈ML w|v
is known as the degree formula. For x ∈ K ⋆ we have the product formula
Given a point p ∈ P n (Q) with p = [x 0 , . . . , x n ], the field of definition of p is
for any j such that x j = 0. Next we try to generalize some of these concepts for the space WP w (K), where K is a number field. Let w = (q 0 , . . . , q n ) be a set of heights and WP n (K) the weighted projective space over a number field K. Let p ∈ WP n (K) a point such that p = [x 0 , . . . , x n ]. We define the multiplicative height of P as
Next we will give some basic properties of heights functions.
Proposition 4. Let K be a number field and p ∈ WP n (K) with weights w = (q 0 , . . . , q n ). Then the following are true:
i
) The height h K (p) is well defined, in other words it does not depend on the choice of coordinates of
Proof. i) Let P = [x 0 , . . . , x n ] ∈ P n (K). Since P is a point in the weighted projective space, any other choice of homogenous coordinates for P has the form [λ q0 x 0 , . . . , λ qn x n ], where λ ∈ K * . Then
Applying the product formula we have
And this completes the proof of the first part. ii) For every point P ∈ WP n (K) we can find a representative P ′ of P with weighted homogenous coordinates such that one of the coordinates is 1. for j = 0, . . . , n and j = i. Now let us calculate the height.
Hence, every factor in the product is at least 1. Therefore, h K (P ) ≥ 1.
Proposition 5. Let p ∈ WP n (K). Then the following are true:
Then, p will have a representative [y 0 , . . . , y n ] such that y i ∈ Z for all i and wgcd (y 0 , . . . , y n ) = 1. With such representative for the coordinates of p, the non-Archimedean absolute values give no contribution to the height, and we obtain
ii) Let L be a finite extension of K and M L the corresponding set of absolute values. Then,
Using Prop. 5, part ii), we can define the height on WP n (Q). The height of a point on WP n (Q) is called the absolute (multiplicative) weighted height and is the functionh
where p ∈ WP n (K), for any K. The absolute (logarithmic) weighted height on WP n (Q) is the functioñ
Lemma 5. The height is invariant under Galois conjugation. In other words, for p ∈ WP n (Q) and σ ∈ G Q we have h(p σ ) = h(p).
Proof. Let p = [x 0 , . . . , x n ] ∈ WP n (Q). Let K be a finite Galois extension of Q such that p ∈ WP n (K). Let σ ∈ G Q . Then σ gives an isomorphism
and also identifies the sets M K , and M K σ as follows
Hence, for every x ∈ K and v ∈ M K , we have |x σ | v σ = |x| v . Obviously σ gives as well an isomorphism σ :
The following is the equivalent of Northcott's theorem for weighted projective spaces. Proof. Let p = [x 0 , . . . , x n ] ∈ WP n w (Q), where w = (q 0 , . . . , q n ), be a point such that some x i0 = 1. Then for any absolute value v, and for all 0 ≤ i ≤ n we have 
Concluding remarks
The weighted greatest common divisors are a natural extension of the concept of greatest common divisors to weighted tuples. Wether the usual properties of the greatest common divisors for Dedekind Domains can be extended to the weighted greatest common divisors is a natural question that needs further study. Even more generally how the ideal calculus ([10, Appendix A] ) can be generalized in terms of weighted ideals? For example, can Lemma 5 and Lemma 6 in [10] be generalized for weighted greatest common divisors?
From the computational point of view it seems as there is no escape from the fact that to compute the weighted greatest common divisor one has to factor integers into primes. However, this is a problem that surely will be further investigated by computer algebra experts.
The theory of heights is fundamental in arithmetic geometry and heights for weighted projective spaces provide powerful tools to study rational points in such spaces or on weighted Abelian varieties. The weighted projective height has the basic properties of the projective height. Whether this can be used to fully develop an arithmetic geometry machinery over weighted projective spaces remains to be seen.
